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ABETRACT

Two procedures are described for solving the Navier-Stoles equations Eor
steady, fully three-dicensional flows: both are extensions of earlier methods de=
vised for three=dimensional boundary lavers, and have the following common featurest
(i) the miin dopendent varisbles are the welpeities snd presswre; (ii)} the latter
are computed on 4 pumber of staggered, interlacing grids, each of which is associated
with a particular wariable; (iii) a hybrid central-upwind difference scheme is
employed; and (iv) the solution alporichms are sufficiently implicit eo chviate the
need o approach the steady state via the cime evelution of the flow, se is required
by whelly explicit methods.

The procedures differ in theic manner-of solving the difference equations. The
SIVA (for Slnultsnsous Veriable Adjustment) proceduee, which is Eully-implicit, uses
8 conbination of algebraic elimination and point-siccessive substitution, wherein
eilrsltanerus adjustments are made to & polnt pressure, and the six sorrounding vel-
ocities, such that the sguations for mass and {linearised) momentum are locally
satisfied,

The SIMFLE {(for Semi-Tmplicit Method for Pressure=Linked Equations) method pro=
cesds in a successive guess-and-correct fashion. Each cycle of iteration entails
firstly the calculation of an intermediate welocity field which satisfies the lin—
eaTised momentum equations for a guessed pressure distributicn: then the mass con—
servation principle is invoked to adjust the welocities and pressures, such that all
of che eguations are in balance.

by way of an illustration of the capabilities of the methods, results are given
of the caleulaticn of the flow of wind around a building, and the simultaneous dis=
persal of the effluent [rem a chimmey located upstrean.

1. INTRODUCTION

1.1 0Objectives of tha present research. We are here concerned with prediction
methods For that class of convective-flow phenomena which are steady, recirculating,
low-speed and thres-dimonsioaal: the majority of the practically-important £low
gituations encountered in industriel, envirommental, paysiological and other fields
are of thiz kind. Twe calculation proeedures for such flows will be described:
both procesd by way ef finite-difference solution of the Eulerian partial-differsa—
tial eguations for the conservation of mass, momentun, energy and other properties:
and both employ the veloeitlies and pressure as the main hydrodysamic variables,

1.2 PRelarion to previous werk. Although there exist a number of finite-difference
procedures which could, in primeiple, be used for the present class of problems, none
ippear to be well-svited for chis perpose. Thus, for example, nearly all of the
avzilable methods ateenpe to follow the cime evolution of ‘the Flow in arriving at the
steady-state soluciom. When however the latter is the cxly feature of interest,
this ip w2ually needlesely cxpensive, especially when an srplicit formulation is em—
plaoyed.

The procedures to be described here contain a mumber of ienovacions, allowing
particularly economical routes ro the steady state: they also however incerporate
many known features including:- the displaced grida for welocity and PrEessurs eor
ployed by Harlow amd Welch (1965): the concept of a guess-and-correct procedure for

* L.5. Carebte is currently ac California State University, Northridge, California.
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the velecity field, wsed by Ansden and Harlow (1970) and Chorin (1968); and the iz
Pl"-""i*‘ caleulation of velocities, along the lines of the Pracht (1970} wersion of the
Barlow-Weleh (1965} procedure. Additional guidance in the formulation of the new
procedures has been derived from earlier work by the authers and their celleagues on
methods for two-dimensional flows (Patankars and Spalding, 1570; Gosman et al., 1969),
and thtee-dimensional boundary layers (Fatankar and Spalding, 1972a; Caretto et al.,
1972) .

1.3 Contents of the paper. Section 2 of the paper iz dewoted to the description of
the two procecures, code-named SIMPLE and 5IVA.  Because the point of departure be-
tween the two methods is in the mamner of solving the finite-difference equations,
the latter are described first; then details are given of the individual solution
paths.

In Section 3, we provide a summary of the experience gained from application of
the procedures te a variety of test cases. Then, by way of a demomstration, we pre-
gent the results of a computer simulatiom of the flow of wind past a building, and
the simultaneous dispersal of the effluent from a4 chimney located upwind of the
building. Finally, in Section & we present our conclusiems about the relative
merits of the twe procedures, and the prospects for further development.

2. AMALYSIS
2.1 The equatiops to be solved. The mathematical problem may be compactbly ex-

pressed, with Che aid of Cartesian temsor notation, in terms of the following ser of
differential equations:

Mpu )2z, = 0 $ (1)
3{pu1uj}fa:i - a{ueffaujfaxi}faxi + ae!axj - ‘j = @ 3 ()
dlpu )i, = a{."htffawaxi},raxi ~ B, = o H (3)

which express the laws of conservation of mass, momentum and a scalar propecrty 4
respectively., Hare the dependent variables are the (time-average] values of: the
welogities vj; the pressure F; and §, which stands for such scalar quanticies as
enthalpy, concentration, kinetic energy or dissipation rate of turbulence (Launder
and Spalding, 1971) and radiscion £lux (Spalding, 1972a} ete. The symbols 5§ and =
stand for additional sources (or sinks) associated with such phencmena as matural
convection, chemical resctien and mon=uniformity of tramsport coefficients, while e,
Uoff and Ty eff are respectively the density, viscosity and exchange coefficient for
4. The subscript 'eff" appended Eo the latter twe indicates thar, for turbulent
[iwa, they are sometimes aderibed "effective' values, deduced from turbulence quan=
titigs.

2.2 Finite-difference equations
o el b Lo T Ll S

I;.} Grid and notatiom. The staggered-grid ayetem employed for both methads is de—
picted In Fig. 1: this shows only the xy plane, but the treatment in the other
planes follows identical lines.

The intersections of the solid lines mark the grid nodes, where all variables
excopt the velocity components are stored. The latter are stored at poincs which
are depoted by eche arrows and located mid-way between the grid intersections. A
eonsidered node and its immediate neighbours are demoted by the subscripts P, x+, x=,
¥*y ¥=, z+ and z=: the significance of these can be perceived from Fig. 1. The
velocities are similarly refercmced, with the convention that P {and each of the
ether subscripts) now refers to a oluater of wariables, as indicated in the diagram.

(b) Differencing practices. Attention will first be focussed om the differential
conservation equation (3) for a scalar property 4. A difference equation relating
€p to the surrounding $"= iz obrained by integratiom of {3} over the contrel volume
enclosing F, with che aid of flux expressions derived from one—dimensional flow
theory.  Some details will now be given.
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We represent the net x-direction convection and diffusicn of ¢ through the com=
trol volume {Fig. 2) by:

) _ + ) "
Caaltyy = 4p + CL U~ 4p) 3 )
where, =.g.3
0, whan rx+ > l.'ln H
¥ - - = "
E:n:+ Zl'm_. when !'m_ 4 Dﬂ H
Dx+ = F“, in all other circumstances.
Fl+ g .H'Il hx"'z : ﬂ:+ E F¢+ "‘;”Il F

and i:. Ap and T i respectively stand for the mass flux, cross-sectional area and
average exchange’ coefficient at the boundary im question. The other quantities ia
{4) are similarly defined.

The above ‘expression may be regarded as a hybrid of central=- and uwpwind-
difference schemes, in that it reduces to the former when the ratio |F/D| (a local
Peclet number) L2 less than unity; and it yields the large— (F/D)} asymptote of the
latter for |F/D| greater than unity. The hybrid scheme has the advantages of being
Bore gecurate over a wide range of F/D (Spaldinp, 1972b:; Runchal, 1970), than
cither of its components, and of yielding a diagonally-dominant matrix of cceffie—
ients for all F/D.

(c) The difference equations. Whem the fluxes in the ¥ and z direccions are ex—
p:e&azd in a similar manper, the resultant finite~difference eq:.;a.r.in-n isz

o o b 6 § & 4 ¢ L
Cpbp Cavtpe YO b P C o PO O M P bt 5 3 (5}

where §¥ represents the integral of the source 54 Over the control volume ands

L) ] L] + ] @ 4
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The treatment of the momentum equations is essentially the same as that abowve.
The control wolumes for the welocities are of course displaced from those for §.
Interpelation is sometimes necessary to obtain convection welocities, densities, wis-
cosities etc. & the required locations. In all cases our choice of imterpolation
practices is guided by the requirement that the resulcing difference equation be con—
gervarive. If we denote the velocities im the x,¥ and z co-ordinate difectioms by
u, ¥ and ¥ respectively, then the difference equations for momentum may be wribten:

E:"P = EE: B '.': "Tx— = FE‘} + 5" i &y
n

Cpvp = %:: VoA (B - ) 4 - ; o

G:"'P # g::un-ug {I'E_-EE_}fS" Z (a)

Here, the summations are over the six neighhouring velocitics; and the coefficients
In the equations are defined in an analogous fashion to chese im (5). Finally, we
conplete the transformation to difference form by expressing the continuity relation
(1) as:

[lpud , —loudpl &+ t{:n'd".l!',+ = lavdyl 4t [lew) , — Gewlpl & = 0. k3]
2.3 The SIMPLE procedure. This "Semi-Implicit Method for Pressure-Linked Equa-—

tions' solves the set (6) to (%) by & cyelic series of guess-apd-correct operations,
wherein the velocities are first calculated by way of the momentum equations for a

o e e e - e
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gueseed pressure field, and then the latter, and later the welocities, are adjuseed
50 B8 te satisfy comeinuity.

The first step in the eyele is straightforward: thus the guessed prassures
(which may be initial guesses, or values from a previous cycled, denoted by P*, are
substituted into linearised? warsions of (6) = (B). These are then solved to yield
a field of intermediate velocities u*, v* and w* which will ook, unless the solution
has been reached, satisfy coneinoity.

It is here that the main novelties of the procedure enter, in the manmer of
satisfying the continuity requirement. The approach is to substitute for the vel=
ocicies in eqn. (9) relations of the form:

up Ay L - a0
vpEvhrAn (- B an)
v e a; L =2 (12)

where F' is 4 pressure eorrection, and the A's bear the following relation to coeffic—
ients in the momentum equaticns:

A= &,Ic; ; ,5; : A?,H."; : and .!L: = "‘;'m: 3

The result is the finite-differcnce equivalent of a Poisson equation £or P', wiz:

F oo Py
gu « Ddned | sy
Here the summation sigan has the wsual meaning, snd the coefficients are given by:
S? =

osh)y = (pumdpl A, + TGw9, = GvR)p] A+ [lwh) = (wi),) A

El‘,': 5 e’ B .ﬂ.xh;] : (14)
n

&

with similar definitions for the other terms. SP, it should be noted, is nothing
more than the local mass inhalance of the intermediate welocity field: so, when
eontinuity is everywhere satisfied, the Pressure correction goes to zero, as would
be expected.

‘x=

Once the P field has been cbtained from (13), it ie a straightforward matter
to update the pressures and velscities (from eqna . 10=-12): thea, {f necessary,
they may be used as guesses for a pew cycle.,  Tf there are 4" to be calculated,
they may be fitted im at a convenient stage in the cycle: often the choice is
arbitrary.,

Because the SIMPLE procedurs computes the warisble fields succeszively, rather
than simultanecusly, it is highly Elexible in respect of the methods of solution
which it will admit for the difference equations. For the preseat calculations,
we have enployed a line—iteration mechod, wherein the waknown variahles along sach
grid line are calcolated by application of the tridiagonal matrix algorithm, on tha
asgusption that values on neighbouring lines are kmowm.  This opétation is par—
formed in turn on the sets of lines lying in the =, ¥ and = directioms: it usually
suffices to perform one such 'triple sweep’ on the velocities and &'s, and three
sweeps on P', jer cycle of calewlarion. This method is substantially Faster thanm
point iteration; hewever it must be stressed that whem even mere economical methods
become available, they may readily be incorporated into the procedure.

2.4 The SIVA procedure. This procedure derives its name from the novel way in which
it combines point iteration wich SImultaneous Variable Adjusesent. With this com=
bination, it is possible to satisfy simultaneously, on a loeal hasis, the equations

t The coefficients and source terms are evaluated from the previous cycle, and held
eonstant .




for mementum and contimuity: although this balance is later destroyed when neigh-
bouring nodes are wisited, the net effect ie to reduce the residual sources, and se
PTOCUCE CONVETZence.

The precedure invelves the adjustment, as each node is visited, of 7 wariables,
namgly the pressure P, and the 6 surrounding welocity components, v Ugaa¥p . Vpes
v, &nd wgs. The formulae for the variable sdjustments are obctained by clgebra
golurion of: the comtimuicy equarion (9);: snd linesrised versions of the momeatun
equations for the six velecities, expressed in the following form:

uF = u.: ux++E:PP+'r= t {15)
v o w

e T o VP + EE PF + e i {15)
W w w .

Wp = oap W, + EF I’F + p 3 {1y

with similar expreseions for ugs, ¥y, and Wgy. The quantities =, 8 and v in these
equarions are readily deducible from che parent equations (6)-{(9), whose terms in-
wolving variables outside of the "SIVA cluster' have heen swept inte the y"s, and
regarded (temporarily) as knowns. It is a straightforward matrer te manipulate
this ser inte equacions which contain only the known coefficients on the right—hand
sides: derails will not be given here.

S5IVA proceeds in all other respects in the manner of a normal point—itarati@n
procedure: thus cthe prid is repeatedly swept, uncil the residual sources of the
difference aquaticns are reduced to acceptably small valwes. As with the STMPLE
method, the calgulation of ¢'s is firred in where appropriate.

3. APTLICATIONS

3.1 Test calculacions. The SIMPLE and SIVA procedures were initially tested by
application to a class of problems involving cthe laminar motion of a £luid in a
cubic enclosure of side H, which has one wall moving at a steady veloeity ¥ in fts
own plane.

For a coarse mesh of 10 egually-spaced i{ntervals, in each direction,convergent
solutions were obtained for artifically high Reynolds numbers (based onm V and H) in
excess of 10F,  The SIMPLE procedure did exhibic seme sipns of instabilicy in tha
initial stages of the calculacions at the higher Reynolds numbers: this however
could easily be cured by seraigheforward wunder-relaxation of P' (with a factor of
aboue 0.2), often in the initial stages only. Although no other solutions were
available for comparison, the predicrions were entirely plausibla, and two=dimen=
sional wersions of boch mechods agreed to within a few percent with Burggraf's (1966)
fine-mesh computations. The initial studies confirmed that the two methods gave
equal accuracy and oumerical stabiliey, but the SIHPLE method proved to he appreci=
ably more economical of compuring rime than 5IVA. It is therefore the former which
we currently favour in our werk.

In subsequent studies, SIMPLE has been successfully applied to several problems
of pracrical iorerest, Including the prediction of flow, beac transfer and chemical
reaction in a three-dimensional furnace (Patankar and Spalding, 1%72b) and che cal=
culacion of the steady=state and transient behaviour of a shell-and—-tube heac ax=
changer (Patankar and Spalding, 1972c). Flows with strong effecr of compressibilicy.
and with disteibuted internal resistances, have alss been predicted by the SIMPLE
method.

3.2 The building problem., As a Eurther example of the type of problem for which
the SIMPLE method is well-suited, we here present calculations of the simulaced
{laminar) flow of wind pasc the slab-sided "building', depicted ia Fig. 3. The em—
coming wind varies in strength in a parabolic fashion with distance from the ground,
and is directed nermal to the face of the boilding. An additional feature is a
chimey located upwind of the building: che path of the effluent from this is also
followed numerically.
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The grid employed for the caleulations had 10 nodes in each direction: non-
wiform spacing was employed go as to cavse the nodes to be concentrated near the
building, and more widely-spaced elsevhere. The domain of solution, measured in
building heights H, extended approximately :5H in the mainstream (z) directiom, and
8N im both the wertical (¥} and lateral {x} directiona. The plane x=0 was pre—
scribed a3 a plane of symetry, while at all other free boundaries the Elow was pre-
sumed [0 be undistorbed by the presence of che building. The Reymolds number,
pased on H and the wundisturbed velocity wp at y=H, was approximately 100, in this
purely illustrative example.

The reaults are ditpil}'t—d in 1‘;.5. i,in the form of plots,; at a |'|_1.th.:|.' of cop=
srant=z planes, of: contours of constaot mainstream velocity; wectors representing
the direction and magnitude of the resultanc velocities in the xy planes; isocbars;
and contours of the effluent concentration.

Taken togethar, the velocity and pressure plots reveal a consistent and plaus—
ible pattern of behaviour: thus the build=up of PTREsuUTE in front of the building
provokes reverse flow (indicated by the negacive-w contour) in the low-velosicy
region near the ground, and deflects the wind away from the building. DowmsETeam,
the low=pressure zone behind the bullding also gives rise to reverse and lateral
flows: now however the Fluid is drawn iowards.

The concentration contours show that the efflusnt plume initially spreads dewn-
wards, thereby ceausipg relacively high concentrationsa at the vpwind face of the
building. The flow around the latter then deflects the plume upwards, so that the
eoncentration on the downwind face is lower, although still appreciable.

Alehough it camsot be claimed that a laminar-flow calculation on a telativaly
sparse Erid is quantitacively representcative of the real situation, the sbove re-
sults are probahly ac least qualitatively correct: . moreover, they were cbtained at
a quite modest cost (spproximately 100 seconds on a CDC 6600 machine).

4. DISCUSSICH AND CONCLUSIONS

4.1 Assessment of the procedures. Experience with the SIVA and SIMPLE algeorithas,
which have now been applied to a large mumber of Elow sitwariens of waried Lype,

has demonstrated the grear flexibility and stability that results frowm using implicit
finite-difference formulations, with the hybrid difference scheme. It has aslss
shewn that the line-by—-line nature of the S5IMFLE adjustment procedure makes for
Ereater economy of computer Cime than the point-by-point SIVA adjustment. The
slightly-reduced stability of SIMPLE can be recrified by an inexpenzive under—
relaxation. The authors therefore intend to concentrate on SIMPLE in their future
wark.

4.2 Prospects for future dzve'lu%en:. The gxample of Fig. 1 shows that the caleu-
lation procedure can be emploved for predicting practically=important phenosena
wvhieh, at present, can be predicted only by way of rather expensive and Eime-consum-
ing experiments. However, a consideration of the shorccomings of that example shows
also much development still to be done. First of all, the caleulation was performed
for a low-Reynolds-mumher laminar £low; but £lows over real buildings are of high
Reynolds number, and turbuleat. It is therefore necessary te [ncorporate into the
caleulation procedure "turbulence models", of the kind recently surveyed by Launder
and Spalding (1971).

Secondly, it will have been observed that the calculation task was made espec=
illl!‘ easy by the face that four of the boundaries of the domain of integration were
treated as impervicus te matter, while the inlet boundary was as ome at which the
velocity distribution was knowm.  In teality, the elliprie nature of the flow en-
fures that the presence of the building wodifies the velocity distribution at these
boundaries: some economical means of caleulating this modification needs to be buile
inte the calculation procedure.

Finally, buildings are mot simply rectangular blocks; somstimes the departures
from singlicicy of form may have significant asrodypamic effects. It is therefore
DEcesgary to arrange that significent minor details of che surface, for example its




disteibution of roughness, can ba allowed with the calewlation scheme, without neceg-
sicating excesgive refinement of the grid.

If these probless can be speedily surmounted, there is every reason to expect
that snumerical computatiens will replace model experiments for civil=enginesring
aerodynamics, furnace design, and many areas of hydraulic and aeronautical engineer-
ing. Ho difficulties of principle appear to stand in the way of these developments,
and neme of the difficulties of detail is of a kind which has not Been surmounted
elievhere.
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The Scagpered Grid Fig. 2. Noration for s—direction fluxes






(d}

PLANE D

PLAKE €

(a) maim=flow velocity contours

(b} welocity vectors in cross—stream planes; {c) stacic—prassure confours

Results of the Elow-pase-building problem.

Fig. &.

(d) oEfluent concentration contours (source concentration = 100}
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